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de Luis,1 to write a simple expression of the axial strain at the
interface, valid for high values of 7,

z = th/2 =

In the case of symmetric actuator patches, a = 2 for pure extension
and a = 6 for pure bending; for an actuator on one side only a = 4,
as shown before. In the present formulation the fully extensional-
bending coupling was accounted for; in fact, the axial deformation
is always present in the case of one-sided actuator.
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Nomenclature
h = equivalent high-order modal matrix

= real symmetric stiffness matrix
= derivative of stiffness matrix with respect to PJ
= second-order derivative of stiffness matrix
= real symmetric mass matrix
= derivative of mass matrix with respect to PJ
— second-order derivative of mass matrix
= derivative matrix of eigenvector of repeated root with

respect to design parameter PJ
= complete eigenvalue diagonal matrix
= repeated eigenvalue diagonal matrix
= derivative diagonal matrix of repeated eigenvalue with

respect to PJ
= diagonal matrix of second-order derivative of repeated

eigenvalue
= repeated eigenvalue
= complete eigenvector matrix

= high-order eigenpair matrix
: lower order eigenpair matrix
= equivalent complete modal matrix
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(p = eigenvector (column vector)
4>, Z = eigenvector matrix of repeated eigenvalue

I. Introduction

E IGENVECTOR derivatives are important for structural dy-
namics, optimal analysis, and control system design. Recently,

eigenvector derivative data have become necessary for use in struc-
tural model modification,1"4 system parameter identification,5"6

and failure diagnosis.7 In addition, the calculation of eigenvec-
tor derivatives has an important role in sensitivity analysis. At
present, we have several procedures8"19 for computing eigenvector
derivatives. The governing equation of the eigenvector derivative is
defined as

(K - X.iM)<pitj = (A./M; + A. /f;M - Ktj)<pi = g, (1)

The coefficient matrix (K —A/ M) is degenerate for m repeated eigen-
values and has rank n—m. In Refs. 8 and 9, the authors solved Eq. (1)
by adding one or m independent equations to Eq. (1) through the re-
lation of mass orthogonality. In Refs. 10-15 the authors introduced
a procedure to divide the solution technique into two steps: first
solve the particular solution by exerting one or m given restrictions
on Eq. (1), then find the constants existing in the general solution
through the relation of mass orthogonality. In Ref. 15 the author
pointed out that the procedure for solving the particular solution in
Refs. 11-13 may fail under certain circumstances. Employing the
more rigorous method in Ref. 14, this failure can be avoided. In
Refs. 16 and 17 the particular solution is yielded by using the ma-
trix disturbance method. In comparison with Nelson method10 and
extended Nelson methods,11"14 the direct perturbed (DP) method
described in Refs. 16 and 17 has the advantages of numerical sim-
plicity and efficiency for solving the particular solution and possibly
makes the particular solution approach the general solution directly.

The modal method used in Ref. 8 avoided directly solving Eq. (1).
The modal method presented in Ref. 8 was based on the incomplete
modal space tpk(k = 1, 2 , . . . , i < n). The eigenvector derivative
is expressed as

(2)

where i is the number of lower order modes, and n is the total number
of degrees of freedom of the analytic model. The precision of the
eigenvector derivatives using the incomplete modes (pk is poor. To
reduce the modal truncation error, the author of Ref. 18 proposed an
approach to add a static solution to the incomplete modes to improve
the solution,

= (3)

where <pfl can be obtained from Eq. (1) with A,/ equal to zero as
shown in Eq. (4),

= g, (4)

when K is singular, we utilize the "dynamic solution" method for
<PJJ as proposed in Refs. 16 and 17 and shown as

[K — (1 + s)kjM]<pjj = gj (5)

in which £ is a small perturbation parameter. The application of
the incomplete modal expansion method with static correction de-
scribed by Eqs. (3) and (4) to the calculation of eigenvector deriva-
tives with repeated eigenvalues is presented in the Appendix. The
development of the incomplete modal expansion methods was de-
scribed in Ref. 19.

This paper presents a complete modal space (CMS) method that
is an exact modal expansion method. There is no modal truncation
error existing in the derivation. Also, there is no additional effort
required to find (pf] as shown in Eq. (3). Moreover, CMS can be
used in the case of repeated eigenvalues. As already mentioned, this
method gives better results compared to those obtained from Ref. 8
and Eq. (3).
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II. Complete Modal Space Method
Given the symmetric real matrices K and M in Rn'n, the gener-

alized eigenvalue problem and mass-orthogonality condition are

(6)

(7)

If X is an eigenvalue of multiplicity m and the corresponding m
eigenvectors are ̂  which is in R"'m then we have

(8)
A = diagpl, Ar, : A J = diagU€: A J

where A = A/, and / is the unit matrix. <$>r in Rn>r are r lower order
modes except for ̂  and are determined by Eq. (6). <&h in Rn>h and
Ah in Rh>h are high-order eigenpairs. Note, <£>^ and A^ are obtained
from Eq. (6) and <£>,, from the following procedure. Obviously, ^
satisfies

(9)

(10)

(11)

(12)

Now, define

Z = *IT

in which F in Rm>m is directly orthogonal,

rTr = i
Since the eigenspace 4> is degenerate, any linear combination vI>F
of the columns of ^ are also eigenvectors of X. Thus, Z satisfies

KZ = MZA (13)

Z rMZ = / (14)

Differentiating Eq. (13) with respect to design parameter p-3 yields

(K - X,M)Ztj = MZAj - (Kj - l.Mtj)Z = F (15)

where the subscript J indicates the derivative with respect to PJ.
Substituting Eq. (11) into Eq. (15) and left multiplying Eq. (15) by
^r, the standard eigenvalue equation is produced as

[tyT(Kj - XM,7-)ty]r = TAj (16)

Solving Eq. (16) gives the solutions of Aj, F, and Z. The solution
of Zj remains to be found.

The key step of CMS is to express Zj as a combination of com-
plete modes

Q
Qr (17)

As is well known, it is difficult to obtain the high-order modes <£>/j
by solving Eq. (6). Now let us introduce equivalent modal matrix
Hh in Rn'n, including the high-order mode information. From Eq.
(7), one can get

(18)

M is a positive matrix. The definition of the matrix Hh is <£/,<!>£ M.
Equation (19) can be obtained from Eq. (18)

Hh ~ Af = / - (19)

The rank of matrix (4>^<I>J) is h and the rank of M is n, therefore,
the rank of matrix Hh equals h, where h = n — I. There are only

h independent columns (or rows) in the matrix ///,, because the
dimension of matrix Hh is n x n. Although these h independent
columns (or rows) are nonunique in the matrix Hh, there are always
i dependent columns (or rows) in the matrix Hh. From the mathe-
matical point of view, one can use any numerical analysis technique
to eliminate i dependent columns (or rows) from the matrix ///,, in
order to obtain an equivalent high-order modal matrix Hh e Rn<h.
Both matrices Hh and <bh are entirely different in matrix elements,
but they physically make the same contribution. The mathematical
derivation showing that both matrices Hh and $>h equivalently have
the same contribution is shown in Ref. 20. It can be proved that

<$>T
tMHh = 0, 3>T

tKHh = 0

For this, the following conditions are first demonstrated:

= 0

= o

Embedding Eq. (19) into Eq. (21) yields

(20)

(21)

(22)

Because h column vectors in Hh belong to a part of n column vectors
of Hh, Eq. (20) holds true. Substituting Hh into Eq. (17) to replace
®h gives

Q
Qr

QH
(23)

Embedding Eq. (23) into Eq. (15), left multiplying it by <i>r, and
resulting from 4>, <£>r, and Hh all being orthogonal with respect to
K and M, we will have

0 0
0 Ar - ll
0 0

0
0

K - X

Q
Qr

0 '

Fr

in which

K = H*KHh, = HT
hMHh

From Eq. (24) we have

(K - = Fh

(24)

(25a)

(25b)

(25c)

(26)

(27)

In order to obtain the factor Q, differentiating Eq. (14) with respect
to PJ yields

(28)+ ZrM,7-Z + ZrMZ j = 0

Then substituting Eq. (23) into Eq. (28) leads to

QT + Q = -ZTMjZ = B (29)

To determine all nondiagonal elements in the Q matrix, differenti-
ating Eq. (13) twice and left multiplying by ZT gives

ZT(Kjj - l.Mjj)Z + 2ZT(Kj - ^.Mj)Zj

- 2ZTMjZAj - 2ZTMZjAj - Atjj = 0 (30)
Embed Eq. (23) into Eq. (30) and utilize the relations ZT(K j -
XMj)Z = ZT[MZAj - (K - XM)Z j] = Aj to yield

QAj -AjQ
== Z \K,j — AJ

-ZTMjZAj'

ZT(Kj -

= R (31)
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Table 1 Eigenvector derivatives in the case of distinct repeated eigenvalue derivatives

Results using
Refs. 9 and 13

X.ij = 0

0
0
0
0
0
0
0
0

j,2J =0.091856 ;

-0.0020519
0
0

0.0051086
0.0012002

0
0

-0.0019990

Results using CMS
method, without <I>r

iij =o
0
0
0
0
0
0
0
0

A.2j = 0.091856 ,

-0.0020519
0
0

0.0051086
0.0012002

0
0

-0.0019990

Results using incomplete
modal method without

static correction, with <$>r

Xij = 0

0
0
0
0
0
0
0
0

12J =0.091856

-0.12060
0
0

0.29032
0.087053

0
0

0.026197

Results using incomplete
modal method with static

correction, with Or

X.ij = 0

0
0
0
0
0
0
0
0

X.2J =0.091856 .

-0.0020514
0
0

0.0051054
0.0012003

0
0

-0.0019988

Results using incomplete
modal method with static

correction, without 4>r

Xij =0

0
0
0
0
0
0
0
0

X2j =0.091856

-0.0020344
0
0

0.0050661
0.0011849

0
0

-0.0020294

Table 2 Eigenvector derivatives in the case of identical repeated eigenvalue derivatives

Results using
Refs. 9

Results using CMS
method, without <J>r

Results using incomplete
modal method without

static correction, with Or _
= 0.091856 X.2J = 0.091856 = 0.091856 X2j = 0.091856 = 0.091856 , = 0.091856

-0.0020519
0
0
0.0051086
0.0012002
0
0
-0.0019990

0
-0.0020519
-0.0051086

0
0

0.0012002
0.0019990

0

-0.0020519
0
0

0.0051086
0.0012002

0
0

-0.0019990

0
-0.0020519
-0.0051086

0
0

0.0012002
0.0019990

0

0.14228
0.006708
0.016148

-0.34250
-0.10270
-0.004842
0.001457

-0.030906

0
-0.12060
-0.29032

0
0

0.08705
-0.02620

0

Let qip, bip, and rip be the elements of the Q, B, and R matrices,
respectively. Thus, from Eqs. (29) and (31) and from Refs. 13-15
and 19, it is known that

0.5&,, otherwise
(32)

It is pointed out that when Xpj = A./J for p ^ i, i.e., when there are
repeated eigenvalue derivatives, the eigenvector F in the standard
eigenequadon Eq. (16) is not unique such that Z and Z j is not
unique. However as long as qij + <?7-/ = bjj = bjt, the resulting Zj
will be a valid derivative as shown in Refs. 13-15.

It should be pointed out that the procedure described by both
Eq. (26) and (32) can be considered as the incomplete modal method
without static correction for the calculation of eigenvector deriva-
tives with repeated eigenvalues.

III. Discussion
A comparison between the methods described in this paper and

that presented in Refs. 11-14 is presented. Although these two meth-
ods are completely different, there exists a certain relationship be-
tween them. Assume that <£^ in Eq. (19) includes only the matrix
W. This means that the column vectors of matrices Z (i.e., ty) and
Hh construct a complete modal space. Under this circumstance, Hh
includes the contribution of all lower and high-order modes except
^. This is the CMS method without <f>r in the example section.
Thus, Eq. (23) can be changed to

In Refs. 11-14, the general solution is

Ztj = Vj + ZC

(33)

(34)

Note, the second terms on the right-hand side of Eqs. (33) and (34)
are the same. Also, the first term on the right-hand side of Eq. (33)
produces the same contribution as the particular solution Vj as
shown in Eq. (34).

It is emphasized that <$>^ can include only ty with the form of
CMS. Thus, like other methods shown in Refs. 9-17, CMS needs
only the eigenvector ty and its repeated eigenvalue. In this case,
Eq. (26) and the first term of the right-hand side of Eq. (31) can be
eliminated. Using Eq. (6) to find the solution of ̂ , 3>r can be treated
as a by-product in the solution of 4*. If one can insert the computed
Or solution into the matrix <I>^, then the dimension of Eq. (27) can
be reduced with <£>,. known, and the computational efforts to find
solution of Eq. (27) can be reduced corresponding to the dimension
of 3>,.. The more columns of <£,. we have, the less computing time
is needed to solve Eq. (27).

If one needs to compare the CMS method to Ref. 18, which used
the static solution to the incomplete modes to improve the solution,
then Ref. 18 needs to solve Eq. (4) with incomplete modes, and the
CMS method needs to solve Eq. (27), which has a dimension less
than Eq. (4). Also, the solution of Ref. 18 is always an approximate
solution and can merely guarantee the accuracy of derivatives of
the lower order modes. The CMS method is an accurate solution
method and can guarantee the accuracy of derivative of any modes.

For a nonrepeated eigenvalue condition, Eqs. (26) and (27) are
still valid for the CMS method. But Qr, Qh, Fr, and Fh are reduced
to column vectors. Q becomes an element qt and can easily be found
via the formula in Ref. 10.

Finally, the present authors point out that if one can find a new
matrix Hh which has an orthogonality relation with respect to ma-
trices M and K, then K and \L on the left-hand side of Eq. (27) will
become diagonal. Thus, the effort to find Qh from Eq. (27) will be
as simple as finding Qr from Eq. (26). To find a new Hh matrix to
be orthogonal to M and K, an optimal Gram-Schmidt method was
proposed in Ref. 20.

IV. Example
For convenience, the numerical example shown in Ref. 13 is taken

as the example in this paper. It forms a finite element model for
a square-section cantilever beam, using two 8-degrees-of-freedom
beam elements. Such a vibration system has four double repeated
eigenvalues, in which the first repeated eigenvalue is equal to 1.8414.
The eigenvector derivatives of the first repeated eigenvalue, with
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respect to section area moment Iz (i.e., the case in Table 1) and / =
Iz = Iy (i.e., the case in Table 2), are computed here. To demonstrate
the efficiency of the method, we have made the computations using
incomplete modal method as shown in Eqs. (26) and (32) as well
as the improved incomplete modal method given in the Appendix.
The computational cases and the final results are as follows.

Complete Modal Space Method
1) The derivatives of the repeated eigenvalues are distinct both

using no extra computed modes <!>,. (Table 1) and using extra com-
puted modes 3>r. The results are the same as shown in Table 1 with-
out <I>r. Take the two eigenvectors of the second repeated eigenvalue
(73.481) as 4>r, i.e.,

--0.069686
0
0

0.16775
0.050300

0
0

_ 0.015137

0
-0.069686
-0.16775

0
0

0.050300
-0.015137

0

2) The derivatives of the repeated eigenvalues are identical both
using no extra computed modes <£>,. (Table 2) and using extra com-
puted modes <l>r. The results are the same as shown in Table 2
without <£r.

Incomplete Modal Method Without Static Correction
The results are listed in Tables 1 and 2. The incomplete modal

space method mentioned here is identical to the Fox method shown
in Ref. 8, that is, the CMS method without Hh. The incomplete modal
space results shown in Tables 1 and 2 are obtained by using Z, which
is constructed by two eigenvectors of the first repeated eigenvalues
Ii and Or constructed by two eigenvectors of the second repeated
eigenvalues X2.

Incomplete Modal Method with Static Correction
The results are obtained via the formulas in the Appendix and are

listed in Table 1, in which there are two computation cases: 1) No
extra computed modes 3>r exist in the calculation. 2) Extra computed
modes $>r exist in the calculation. The static residual modes <$>(0)

given by Eq. (Al) are

ro
o
o
o
o
o
o

Lo

-0.00200861
0
0

0.0050020
0.0011699

0
0

-0.0020037,

As stated in the Appendix, a zero vector in 3>(()) should be deleted.
The original data (such as M, K, and Kj) and the computed

intermediate results (such as F and Z) can be found in Ref. 13.
From Tables 1 and 2, it is concluded that CMS can give the correct
eigenvector derivatives of repeated eigenvalues. It does not need to
compute any extra modes. In contrast with CMS, in the incomplete
modal method without static correction8 gives unacceptable results
even if some extra modes <£>r are utilized. In addition, the precision
of the incomplete modal method with static correction is also less
than that of CMS, even if several extra modes 3>r are employed in
the analysis. The reason for these results is that all of the incomplete
modal expansion methods are approximate.

V. Conclusion
In this paper an accurate modal expansion method for eigenvector

derivatives has been developed. Both results for repeated eigenval-
ues with distinct and identical eigenvalue derivatives are presented.

This method can be very useful for the calculation of eigenvector
derivatives with complete modal space.

Appendix: Incomplete Modal Method with Static
Correction for Eigenvector Derivatives

with Repeated Roots
The principal idea of the incomplete modal method with static

correction is to add the static modes <£>(()) to the incomplete modal
expansion. The <f>(0) are computed via

= F (Al)

Then the eigenvector derivatives Z _/ are assumed to be spanned by
the eigenvectors Z of concern and the extra mode shapes <$>r together
with the static modes <l>(()) as follows:

Q
Qr

Go
(A2)

Note, if 3>(()) e R"'m obtained by solving Eq. (Al) contains zero
column vectors, then these vectors should be eliminated. Not only
is the contribution of these zero vectors null, but also they must lead
to the discontinuance of the operation of the computer.

The orthogonality between <I>(()) and Z with respect to M and K
is demonstrated here. For this, <f>(()) is expressed as

(A3)

Thus,

= Z
TMK-{MZAj - ZTMK~l(Kj -

= ^~l[Aj - ZT(Kj - AM,;-)Z]

= 0 (A4)

ZTK$>((}) = ZTKK~lMZAj - ZTKK~l(Kj - XM;)Z

(A5)

Using the same deductive process, we can prove that there is no
orthogonality between <£>(()) and 3>r with respect to M and K. Also,
the column vectors in O(()) are not orthogonal to each other. That is,

(A6)
0,

<D«>)r £$<()) = K()

= /z0

^ 0
diagonal matrix
diagonal matrix

Substituting Eq. (A2) into Eq. (15) yields

" 0 0 0
0 (Ar-XI) An

.0 A[2 A22J

" G~
Qr

- o -
Fr (A7)

in which

From Eq. (A7), the following set of equation is given

AT
l2Qr

(A8)

(A9)

(A10)
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Simultaneously solving Eq. (A 10) yields

Qr = [I - (Ar - A/)-1 A12B-1 AT
n](Ar - ,

x Fr — (Ar — A./)"1 A\2B~lFO

G D~1 Z7 J3~l A T ( A 7 7 \ ~ 1 T2Q = £> T() — -D A^v-^r — A7) rr

where

(All)

(A12)

(A13)

Because matrix B is of order mxm, the calculation of B ~l is easy. In
addition, when the number of extra modes <$v is not large, adopting
the following matrix equation for solving [ Q j , Q{}]T is simpler:

Qr
A 2 2 f i ( )

(A14)

The steps to solve factor Q are the same as that stated in the
text, that is, Eqs. (29-32) are used in the calculation of Q provided
Eq. (31) is rewritten as

R = zr(^,y - xMj)*rer + zr(A:j -;
- ZTM,/ZA,J- + 0.5Zr(AT,Jj - XM,j7) (A15)
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